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ABSTRACT: This paper is devoted to establish some fundamentally important results on a commutative semi-simple

Fre'chet algebra A. Equality such as

Oy (A=D,(ANMA) =D (A)NM(A) =D_(A)NM(A) = D(A) "M (A) has been established among the class
of Fredholm operators with respect to two sided ideals and upper and lower semi-Fredholm operators. It has also been shown
that each semi-Fredholm multiplier is a product of an idempotent and an invertible multiplier. Finally we have shown that if
AAhas no isolated point then TeM(A) is semi-Fredholm iff T is invertible.
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INTRODUCTION

Topological algebra is a natural generalization of Banach
algebra. The concept of multipliers on Banach algebras was
firstly introduced by S. Helgason [1]. The general theory of
multipliers have been studied quite extensively in the context
of Banach algebra without order by F.T. Birtel [2], J. K.
Wang [3], R. Larsen [4] etc.. T. Husain [5] has generalized
the notion of a multiplier on a topological algebra without
order. N. Mohammad [6,7] has studied the spectral
properties of multipliers and compact multipliers on
topological algebras. L. A. Khan [8] has studied the double
multipliers on topological algebras. Recently H. Render [9]
has introduced the study of multipliers in the framework of
vector spaces of holomorphic functions. Azram [10.11.12]
has studied topological algebra via inner product and
multipliers in the frame work of Fre'chet algebra. In view

of applications and recent developments in the theory of
topological algebras, it is important to study multipliers on
more generalized topological algebras. As an example,
Quantum groups are the outcome of the study of multipliers
on Hopf algebra. Multipliers have immediate applications in
many areas of mathematics, such as, Harmonic analysis,
Differential geometry, Representation theory, Field theory,
optimal control, Quantum Mechanics Statistical Mechanics
and consequently in engineering, etc. As an application of
control theory, one may consider the areas such as scheduling
and control of engineering devices, aerospace engineering,
maximum orbit transfer problem, navigation, mobile robotics
and automated vehicles, etc. Solid state engineering requires
the concepts of quantum mechanics. Distribution theory,
propagation of heat, robotics, image analysis and
decomposition of electromagnetic waves, etc require the
concept of harmonic analysis. Differential geometry by
means of tensor calculus is an application in engineering. It is
worth observing that not much work has been done in the
setting of topological algebra.In view of applications and
recent developments in the theory of topological algebras, it
is important to study multipliers on more generalized
topological algebras. As an example, Quantum groups are
the outcome of the study of multipliers on Hopf algebra.
David van Dantzig [13] has used the word “Topological
Algebra’ very first time in his Ph.D. thesis and later in a
whole series of papers. Later on it also appeared in the
literature by R. Arens [14]. Fundamental results, although at
the same time but separately, were published by R. Arens

[14] and E.A. Michael [15]. The study of these algebras
helped to investigate the non-normable behaviours in
mathematics and physics.

This paper is devoted to establish some fundamentally
important results on a commutative semi-simple Fre’chet
algebra A. Equality such as,

Dy (A) =P (A)NM(A) =D, (A) "M (A)=
O_(A)NM(A)=D(A)"M(A)

has been established among the class of Fredholm operators
with respect to two sided ideals and upper and lower semi-

Fredholm operators. Consequently, showing that each semi-
Fredholm multiplier is a product of an idempotent and an

invertible multiplier. Finally we have shown that if AA has
no isolated point then TeM(A) is semi-Fredholm iff T is
invertible.

MATERIAL AND METHODS
A vector space A over the complex field C is called
algebra if
i. Asclosedi.e., VX,yeA, xyeA
ii.  X(yz2)=(xy)z=xyz Vx,y,z€A
X(y+z)=xy+xz and
(X+Yy)z=xz+yz VX,y,ze A
iv.  (Ax)(uy)=(Au)(xy) vx,yeAand 4,ueC

Algebra A with Hausdorff topology and continuous
algebraic operations will be called topological algebra. A
topological algebra will be called locally convex algebra if its

topology is generated by the semi norms {pa} 1 such that

(045

Va el

i. p,(x)=0 and p,(x)=0 if x=0

i pu(X+Y) <Py (X) +pu(y) VX yeA

iii.  Pr(AX)=|4 py(x) VxeA and 1eC
A locally convex algebra will be called locally
multiplicatively convex if
Pe(XY) <Po(X) Pr(y) Vael & VX, yeA.
A complete metrizable locally multiplicatively convex
algebra is called Fre'chet algebra. AA will be the set
of all non-zero continuous multiplicative linear functionals on
A. If A is a commutative locally multiplicatively convex
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algebra then; rad(A)={x e A:f(x)=0VvfcAA}. In the
case of rad(A) = {0}, it will be called semi simple. SOC(A)
will be the sum of minimal ideals of A. A multiplier on A
will be a mapping T:A—>A >5Txy=x.Ty VX,yeA and
the set of all multipliers on A will be denoted by M(A).
Multipliers on a semi simple algebra are linear. Multipliers
on a proper (without order) complete metrizable algebra [17]
and consequently on Fre'chet algebra are continuous. If A
is Fre'chet algebra then T(A) and ker(T) are two sided
ideals of A. If A is Fréchet algebra then the range of T
denoted as T(A) and ker (T) are two sided ideals of A. If A be
a commutative semi simple Fréchet algebra and T is a linear
bounded linear operator on A, we define a (T) = dimker(T)
and B(T) = dim(A/T(A)) . If a (T) < oo and B(T) <oo, then T is
said to have a finite deficiency. Collection of all continuous
linear self mapping of A will be denoted by B(A). If A is
commutative Fréchet algebra and Te B(A) then T is called
Fredholm operator if T has finite deficiency. The set of all
Fredholm oprators on A will be denoted by @ (A). K(A) is
set of all compact linear operators on A. Kum(A) =
K(A)NM(A) and is a two sided ideal of M(A). Dy, (A) is
class of all Fredholm elements of M(A) relative to Ky (A).

D (A) = {T e M(A) : Tis invertible in M(A) mod Ky, (A)}.
The set of upper and lower semi-Fredholm operators of A
will be denoted as
@, (A) = {T e B(A): a(T) <o and T(A) iis closed } and
@, (A)={T eB(A): B(T) <o | respectively.

Theorem 1:
If A be a commutative semi simple Fre'chet algebra with

T e M(A) and soc(A) = A then

D (A) = Do (A) NM(A)

Proof: Let

Te®py(A)=3ISeM(A) and Ke Ky (A)> TS=1+K.
M(A) is commutative soTS=ST=1+K.
TS=ST=1+K e ®(A) with index 0 [16].

Ind(T) + ind(S) =0 [16].

p(T) <1VT e M(A) = «a(T) < S(T) [16].

Consequently, Ind(T) =ind(S) =0= T e ®,(A)"M(A) =
Dy (A) € Do (A) NM(A)

Conversely, let Ted,(A)nM(A). By Wedderburn

theorem, Kker(T) is sum of minimal ideals i.e. there exist
idempotent e in A such thar ker(T) = e A.
Define;
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ker(T—-L,)={0}=T-L, isinvertible. IfSis

inverse of

T—Le =>TS=1+LS where L,SeKpy(A)=Tedp(A)
S Dy (A)NM(A)  Dp(A)

Theorem 2:

If A be acommutative semi simpl Fre'chet algebra with

T eM(A) and soc(A) = A then

DO(A)NM(A) =D_(A)NM(A)
Proof: let

Ted_(A)NM(A)= B(T) <.

p(T) <l<oo VT e M(A) = a(T) < B(T) < o[16].
Te®(A)NM(A).
Also D=0, "O_=DcD_.
Hence, ®(A)~M(A) =D_(A)nM(A)
Theorem 3:

If A be acommutative semi simple Fre'chet algebra with
TeM(A) and SOC—(A) =Athen

D, (A)NM(A)=D_(A)NM(A)
Proof: Let

Ted, (A)NM(A)= a(T) <o and T(A)is closed [16].
T(A)+ker(T) is closed and

A=T(A)Dker(T)= (M <a(T) <0 =
Ted_(A)NM(A).
Similarly if

Te®_ (A NMA)= a(T)<PB(MT) <0 =

Ted, (A)NM(A).
Theorem 4:
If A be acommutative semi simple Fre’chet algebra with
TeM(A) and soc(A) =A then

Dy (A) = D (A) NM(A) = D, (A) A M(A)
=®_(A)nM(A) = D(A) "M(A)

Hence,

Proof:
Dp(A) =D, (A)NM(A) [Theorem 1] (i)
DO(A)NM(A) =D_(A)NM(A) (i)

D, (A)NM(A) = D_(A)NM(A) [Theorem 3] (iii)
Now, let

Ted_(A)NMA)= B(T) <o = a(T) < B(T) <o [16].
Hence, T is a Fredholm multiplier i.e.

T e ®(A)NM(A) = ©_(A)NM(A) = D(A)NM(A).
Since, ®(A) =D (A)ND_(A)= D(A)cD_(A).

L.:A—>AasLx=ex=XVXxeA. We claim that :egz;f;)(ﬁ)&g(i) 5 (igi);x(il N )
T-L, e ®(A)nM(A) Ted,(A)NM(A).

ind(T—Lg)=ind(T)=0and (T—Lg)xy =x(T-Lo)y VX,¥Y € Agence. Dy (A)NM(A) = D, (A) "M(A). (v)
T-Le € M(A). ()-(v) = As required.

By [16] Consequences of theorem 3, we can have the

T—-Le e®(A)and since ind(T)=ind(T-L,)=0=
T—Le e Do(A)NM(A).

following result;
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Corollary:
If A be a commutative semi-simple Fre'chet algebra with

T e M(A) and soc(A) = A then each semi-Fredholm
multiplier is a product of an idempotent and an invertible
multiplier.

Proposition:

If A be a commutative semi simple Fre'chet algebra with

T e M(A) and soc(A) = A and AA has no isolated point

then T is semi-Fredholm iff T is invertible.
Proof:

Let T be semi-Fredholm. By theorem 3,
T e dp(A)=3Se M(A) and

KeK(A)>TS=ST=1+K. K=0because AA contains

no isolated points. Hence, TS=ST=1

Conversely,

If T is invertible then TS=ST =1 for some S in M(A)
implies T € @), (A) =T is semi-Fredholm [Theorem 3].
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